We give a criterion for the good reduction of semistable K3 surfaces over p-adic fields using purely p-adic methods. We use neither p-adic Hodge theory nor transcendental methods as in the analogous proofs of criteria for good reduction of curves or K3 surfaces. We achieve our goal by realizing the special fiber Xs of a semistable model X of a K3 surface over the p-adic field K, XK as a special fiber of a log-family in characteristic p and use an arithmetic version of the Clemens-Schimd exact sequence in order to obtain a Kulikov-Persson-Pinkham classification theorem in characteristic p.
Introduction
Let p > 0 be a prime integer and K a finite extension of Q p . Consider a smooth, proper and geometrically irreducible scheme X K over Spec K. The question of whether X K has good reduction or not can be answered via ℓ-adic or p-adic criteria in some cases. For example, if X K = A K is an abelian variety and G K the absolute Galois group of K we have that A K has good reduction if and only if for all ℓ = p (equivalently, for some ℓ = p), the ℓ-adic G K -representation T ℓ (A K ) is unramified (see [ST68,  fundamental group (via p-adic Hodge Theory). This means that it is not enough to look at the first cohomology group with its Galois/monodromy action but one needs to look at the whole (unipotent) fundamental group (i.e., not only its abelianization).
In this article we obtain a p-adic criterion for K3 surfaces. Namely we suppose that p > 3 and X K is a smooth, projective K3 surface over Spec K having a minimal semistable model X over the ring of integers O K of K. We may assume to have combinatorial reduction (see [Na00, Proposition 3.5]). Then since we are dealing with K3 surfaces, the first De Rham cohomology group is trivial, as well as the connected De Rham fundamental group. Therefore we look at the monodromy action on the second De Rham cohomology group H 2 DR (X K ). This operator N (the mondromy that is) is described in the frameweork of the theory of log-schemes and log-crystalline cohomology (see [HK94,  Theorem 5.1]). Then our result is the following:
Under the hypotheses above, the K3 surface X K has good reduction if and only if the monodromy N is zero on H 2 DR (X K ).
In fact we obtain more than that. We know that the operator N is always nilpotent (N 3 is always trivial). In the case the reduction of X is not good we can refine the theorem just stated:
the type of bad reduction is determined by the order of nilpotency of N . For the complete result, see theorem 10 .
One can also note that this criterion for good reduction in terms of the monodromy operator on log-crystalline cohomology can also be formulated in "étale terms". Namely, X K has good reduction if and only if H 2 ét (X K , Q p ) is a crystalline representation. This is a consequence of our criterion and the comparison theorem [Ts99, Theorem 0.2].
In the classical situation (over the complex numbers), given a semistable degeneration of K3 surfaces the work of Kulikov [Ku77] , Persson-Pinkham [PP81] and Morrison [Mo84] show how the monodromy action on the generic fiber determines the behavior of the special one. To prove this one uses all the information coming from the structure of the family: the weight-monodromy conjecture and the Clemens-Schmid exact sequence. Our proof has been inspired by these methods.
The monodromy on the De Rham cohomology of X K is given by the monodromy operator on the log-crystalline cohomology of the special fiber X s (which is a characteristic p-scheme) endowed with the induced log-structure (see for example [HK94, Theorem 5 .1]). Using Nakkajima's results on deformations of K3 surfaces ([Na00]) we may construct a log-smooth deformation of our special fiber over the ring of formal power series k [[t] ], where k is the residue field of K. Then using Popescu's version of Artin's approximation theorem we get a deformation of X s over a smooth scheme Y over k[t] (possibly of dimension larger than 1). Finally by taking a well-chosen curve inside Y we are reduced to the case of a family over a smooth curve, so we can use Chiarellotto-Tsuzuki's results for this setting. In particular for such a family we can use the weight-monodromy conjecture and the existence of a Clemens-Schmid type exact sequence. This gives the elements to rephrase KulikovPersson-Pinkham's and Morrison's results in characteristic p, allowing us to get our main theorem (theorem 10) which is similar to the one obtained by Pérez Buendía in [Pe14] .
This method of proof is completely different to the one used by Matsumoto in [Ma14] , who also obtains results similar to ours, but for a different case, allowing algebraic spaces as models and always working with the generic fiber.
One might have hoped to use our methods to study the case of semistable Enriques surfaces.
More precisely, we work with a semistable model, under some hypothesis about the canonical bundle over the DVR. This is compatible with [LM14] , where again they study only the generic fiber. Then, we can follow our techniques along the lines we used for K3 surfaces since again by Nakkajima's work [Na00] we have a classification of the possible special fibers (see the beginning of our section 7 to see the complete classification). But when we apply Morrison's methods we find that the monodromy is zero on the second cohomology group without any connection with the fact that the special fiber is smooth or not. We plan to investigate this problem in another article (see also the parallel work [LM14] ).
Let us give an outline of this article. In sections 2-5 we get a generalization of Clemens-Schmid exact sequence in characteristic p and in the last two sections we use it to prove our main result.
More precisely, in section 2 we establish our notation and setting.
In section 3, we use Néron-Popescu desingularization (see [Sw95,  [It05, Section 4] , to see our situation as a fiber inside a larger family of varieties f : X A → Y = Spec A, where A = A α for some α. Then we can use the relative cohomology theories defined and studied by Shiho [Sh08] , which give relative cohomology sheaves on a formal scheme Y, that is a smooth lifting of Y . This will be useful once we have a deformation, which is done in section 7.
In section 4 we state the results on relative cohomology that are useful for our purposes. In particular we need the base-change theorem and the comparison isomorphisms between the different cohomology theories (log-crystalline, log-convergent and log-analytic), since these are needed to use the results in [CT12] . This means that the relative cohomology sheaves, defined on the large family, satisfy the desired properties.
Then, in section 5 we construct a smooth curve C inside Y in such a way that we can restrict the family X A → Y , as well as the cohomology sheaves, to a smaller family X C over this curve. In particular this allows us to use the main result in [CT12] and get the version of the Clemens-Schmid exact sequence for this setting:
In section 6 we use the Clemens-Schmid exact sequence in characteristic p to get criteria for N to be the zero map on H 1 log−crys or H 2 log−crys , assuming that we are dealing with a semistable family of varieties over a smooth curve over a finite field. For this we use the fact that the monodromy and weight filtrations on the special fiber coincide (as proved in [CT12] , using the fact that we deal with a family of varieties). For a more general situation, i.e., if we do not assume that the special fiber is inside a semistable family of varieties, this is known only for the case of curves and surfaces (see [Mk93, Sections 5 and 6] ). The criteria that we get in this section are in terms of the Betti numbers of the dual graph of the special fiber which can be easily described in the case of combinatorial reduction. As we mentioned before we can always restrict ourselves to this case after a finite base extension.
Finally in section 7, after introducing the deformation theory for K3 surfaces along the lines of Nakkajima [Na00], we apply the criteria from section 6 to the case of K3 surfaces, assuming that the special fiber is combinatorial, i.e., it is one of three possible types. We obtain that the degree of nilpotency determines the type of degeneracy of the special fiber. Our main result will be stated in theorem 10: the trivial monodromy action on the second de Rham cohomological group is equivalent to good reduction.
Notation and setting
In this article we fix a prime integer p > 0 and K a finite extension of Q p with ring of integers O K . We denote by X K a smooth, projective K3 surface over K. For a finite field k, we denote by W = W (k) its ring of Witt vectors and K 0 the fraction field of W . We shall denote by the same letter W the formal scheme Spf W with the trivial log structure, and we denote by W × the same formal scheme with the log structure given by 1 → 0.
Recall that a divisor Z ⊂ Y of a noetherian scheme is said to be a strict normal crossing divisor (SNCD) if Z is a reduced scheme and, if Z i , i ∈ J are the irreducible components of Z, then, for any I ⊂ J, the intersection Z I = ∩ i∈I Z i is a regular scheme of codimension equal to the number of elements of I. We shall say that Y is a normal crossing divisor (NCD) if, étale locally on Y , it is a SNCD.
The first five sections are dedicated to obtaining a Clemens-Schmid type exact sequence. For this, we consider a proper and flat morphism F :
] over k, where X is a smooth scheme such that étale locally it is étale over
We denote by s the closed point of Spec k[[t]] and X 0 its fiber, which is a NCD inside X. We denote by (X, M ) the scheme X endowed with the log structure defined by
] endowed with the log structure defined by the point s (i.e., by the NCD given by the ideal generated by t), and s × the log point given by the point s and the log structure induced from
× . Then, we have the following cartesian diagram of log schemes 
where (X 0 , M 0 ) is obtained by taking the fiber product in the category of log schemes.
A construction using Néron-Popescu desingularization
In order to get the desired result, we need to study the cohomology of the special fiber X 0 of X over Case 1 (the ideals generated by t): in this case, we need to check that k
geometrically regular over k, which is trivial.
Case 2 (the ideals 0): in this case, we need to check that
Note that this is necessarily
Indeed, it is a finite extension of degree p (hence it does not have any subextension) and
which is clearly regular.
In particular, 
Proof. Let us take a presentation of A of the type
finite number of polynomials, one needs a finite number of elements of k to define them in the variables t, x 1 , ..., x n . Let k ′ be a finite extension of k containing all of those coefficients and define Since the divisor of Y = SpecA, defined by Y 0 = (t = 0) is a NCD, and the fiber product Moreover, we have the following:
Proof. We use [Ka89, Theorem 3.5]. First note that f has (étale locally on X A ) a chart (P XA → M A , Q Y → N, Q → P ) given by Q = N, P = N r , and the diagonal map Q → P .
We can easily see also that the kernel and the torsion part of the cokernel of Q gp → P gp (which is just the diagonal map Z → Z r ) are both trivial.
It remains to prove that the induced morphism X
and note that
The last isomorphism can be verified by checking directly that the ring
satisfies the universal property of the tensor product where h is defined by sending each u i to x i for i = 1, ..., r, and p is the natural projection from the first r components. Since p is smooth, we get that h is smooth. Since X A → W is the composition of an étale and a smooth morphism, we conclude that it is smooth (in the classical sense).
Then we have the following diagram of log schemes: 
F
In particular, note that s is a closed point inside Y , hence (X 0 , M 0 ) is a fiber of the log smooth
. This means that we can study the cohomology of X 0 using relative cohomology sheaves for this family. These are studied in the next section.
Relative Cohomology
By [El73, Theorem 7, Secion 4], there exists a W [t]-algebra A 0 which is smooth over W and such that A 0 /pA 0 = A. LetÂ be the p-adic completion of A 0 , and Y = SpfÂ. We can define a log structure N on Y by 1 → t, and then we have the following diagram: 
where the lower row consists of two exact closed immersions. Now we are in the situation studied in [Sh08] and we can use all the results there. We shall state the results on relative log crystalline, log convergent and log analytic cohomology that are useful to apply the main result in [CT12] .
Relative Log Crystalline Cohomology
In the situation of diagram (4), Shiho defined in [Sh08] , for any sheaf F on the log crystalline site (X/Y) log crys the sheaves of relative log crystalline cohomology of (X A , M A )/(Y, N ) with coefficient F , denoted by R m f XA/Y,crys * F , and for an isocrystal E = Q ⊗ F , denoted by R m f XA/Y,crys * E. Here we will work only with the trivial log isocrystal E = O XA/Y,crys .
In order to study the sheaves R m f XA/Y,crys * O X/Y,crys , we fix a Hyodo-Kato embedding system 
(b) For each n, R(f θ) * C X•/Yn is bounded and has finitely generated cohomologies.
Proof. In [Sh08, Section 1], it is proved that
and so part (a) follows from the claim in the proof of theorem 1.15 in [Sh08] .
For part (b), we proceed inductively. Note that for n = 1, Y 1 = Y , and so the result follows by properness of f . The inductive step is direct using the second part of the same claim used in (a).
The preceding lemma says that {R(f θ) * C X•/Yn } n is a consistent system, as defined in [BO78] .
Then by [BO78, Corollary B.9], it follows that
is bounded above and has finitely generated cohomologies. Thus we have the following: Proof. The first assertion follows from the above paragraph and [Sh08, Theorem 1.16]. The Frobenius structure is given by [HK94] , since f is of Cartier type. Indeed, recall that f has a local chart
given by Q = N, P = N r , and Q → P the diagonal map. Now let us consider the following commutative diagram, where all squares are cartesian: 
Relative Log Convergent Cohomology
Following [Sh08] , we study the relative log convergent cohomology sheaves there defined. Again, we work only with the trivial isocrystal O XA/Y,conv , on the log convergent site, and denote the sheaves of relative cohomology by
Recall that there is a canonical functor (as in [Sh08] ) from the category of isocrystals on the relative log convergent site to that on the log crystalline site 
Now by using the remarks in [Sh08, p. 31] and passing to the projective limit, we have a canonical morphism of complexes
which by [Sh08, Theorem 2.36] gives the following:
Theorem 5. The canonical morphism (7) induces an isomorphism
of isocoherent sheaves on Y.
In particular, by theorem 3 this allows to prove that Rf XA/Y,conv * (O XA/Y,conv ) is a perfect complex of isocoherent sheaves, and a base change theorem:
Theorem 6. With the same notation as in diagram (6), there is a natural isomorphism
The complex Rf sX0/W,conv * (O X0/W,conv ) gives the cohomology
Relative Log Analytic Cohomology
Now we study the sheaves of relative log analytic cohomology. Note that g in diagram (5) induces a morphism g
Then, the log analytic cohomolgy sheaves of (X A , M A )/(Y, N ) with respect to (Y, N ) can be computed by 
Reduction to the case of a family over a curve
Now that we have relative cohomology sheaves defined for the family over Y , we want to restrict those sheaves to a smaller family. Namely a family over a curve, in order to be in the same situation as in [CT12] .
Let us first construct the curve that we shall use. As stated at the beginning of the preceding 
Let us recall this construction. There exists an open affine subset
that the restriction of Y → S is standard smooth. Moreover, we may assume (using the fact that the reduction modulo p is smooth over k[t]) that we can write
where the polynomial
, ..., x r , t] → (A 0 ) g is étale, and with d = r + 1 − c we get the desired factorization.
Using this description it is clear how to construct a smooth curve C W inside U , transversal to (t = 0) and passing through the pointŝ: by pulling back a curve with these properties inside A d W . In particular its reduction C modulo p is a smooth curve inside Y , transversal to (t = 0) and passing throught the point s.
Let N C be the log structure on C defined to make the closed immersion (C, N C ) → (Y, N ) exact, and then we have a sequence of exact closed immersions N C ) . Then, we have the following diagram, where all the squares are cartesian: Note that the family (X C , M C ) → (C, N C ) is in the situation studied in [CT12] . We denote by C the p-adic completion of C W along the special fiber C. Then 1 → t defines a log structure N C on C and we have the following diagram 
Now consider the diagram 
By combining the isomorphisms (8) and (9), and the fact that
Lψ * , we get that Rf s,X0/W,crys * (O X0/W,crys ) can be obtained from the family over Y or over C. In particular, by the main result in [CT12] , we get the following Clemens-Schmid type exact sequence:
The terms of the form H m+2 X0,rig (X C ) depend a priori on the choice of the curve C, but if we choose a different smooth curve C ′ , by Poincaré duality [Be97, Theorem 2.4], we have isomorphisms
and we get a Clemens-Schmid type exact sequence that depends only on X and the special fiber X 0 for our starting situation.
Monodromy Criteria
As an application of the p-adic version of the Clemens-Schmid exact sequence, we prove a p-adic version of the Monodromy Criteria [Mo84, p.112]. We start with a situation in which he have an exact sequence of Clemens-Schmid type, as for example the situation in [CT12] . Namely, suppose k is a finite field and C a smooth curve over k. We consider a proper and flat morphism
where X is a smooth variety of dimension n + 1 over k. Moreover, we assume that there exists a k-rational point s ∈ C such that the fiber of f at s, which we denote by X s is a NCD. This defines a log structure M on X. We denote by (X s , M s ) the log scheme with the induced log structure.
Then, the main result of [CT12] states that there is a long exact sequence:
We can consider the maps as morphisms of filtered vector spaces, where we give the weight filtration to each of them. Moreover, we know by the results in [CT12, p.24] that the weight filtration on the log-crystalline cohomology terms coincides with the monodromy one.
Now let us make a description of the filtration on H m rig (X s ): denote by X 1 , ..., X r the irreducible components of X s and assume they are proper and smooth. Define the codimension p stratum of
For each a = 0, ..., p + 1, denote by δ a :
the natural map that restricted to each component is the inclusion
and define
where δ * a is the morphism of De Rham-Witt complexes
with its direct image in the étale site of X s . This gives a double complex
and by taking projective limit, we get the double complex
This allows to define a spectral sequence with
with d is a sub quotient of this, we have that
has to be the zero morphism, which proves the degeneracy. To prove that it converges to H * rig (X s ) it is enough to notice that the simple complex associated to (13) (ii) For k ≤ m, we have a decomposition
where 
We also need the following, which is an immediate corollary of the Clemens-Schmid exact sequence.
Proof. It is enough to note that since H m Xs,rig (X) has weights > m−1, when restricting the ClemensSchmid sequence to the W k -parts we get an exact sequence:
With the two previous propositions in hand, we can prove the following monodromy criteria: 
Proof. 
Similarly, by part (ii) of proposition 2, we have 
we conclude that
Now suppose that N = 0. Then, N 2 = 0 and by the preceding part, we have h 2 (|Γ|) = 0.
Moreover, N induces an isomorphism
Conversely, suppose that h 2 (|Γ|) = 0 and 
which concludes the proof.
Application to K3 surfaces
In this section we assume p > 3. Let K be a finite extension of Q p and denote by O K its ring of integers, π a uniformizer of O K and k its residue field. We consider a smooth, projective K3 surface X K over K, i.e., a smooth, projective surface with trivial canonical sheaf and irregularity 0.
Moreover, we assume that X K has a semi-stable model X → Spec O K , i.e., X is a proper scheme over O K , étale locally étale over a scheme of the form
Let X s := X ⊗ OK k be the special fiber of X and assume it is a combinatorial K3 surface. In particular, we may assume that we are in one of the following cases: I) X s is a smooth K3 surface over k II) X s = X 0 ∪ X 1 ∪ · · · ∪ X j+1 is a chain of smooth surfaces, with X 0 , X j+1 rational and the others are elliptic ruled and double curves on each of them are rulings. III) X s = X 0 ∪X 1 ∪· · ·∪X j+1 is a chain of smooth surfaces and every X i is rational, and the double curves on X i are rational and form a cycle on X i . The dual graph of X is a triangulation of the sphere S 2 .
We shall refer to each of these as surface of type I, II and III, respectively.
Remark 1. The definition of a combinatorial K3 surface [Na00, Definition 3.2] requires for the cases II) and III) that the geometric special fiber X s has a decomposition of those types and not necessarily X s , but this implies that there exists a finite extension k ′ of k such that the base change that the first ℓ-adic étale cohomology group is trivial. Since Y is smooth and proper, we conclude that the dimension of the first rigid cohomology group is also 0, since rigid cohomology is a Weil cohomology (see [Ch98] ).
Recall from [Na00, Section 2] that the special fiber X s can be endowed with a log structure M s in such a way that we have a log smooth morphism ) with a log structure given by as follows:
Then, 1. If x is a smooth point of Y , étale locally on a neighbourhood of x, the log structure is the pull-back of the log structure of the log-point (Spec k, N m )
2. If x ∈ Y i , étale locally on a neighbourhood of x, the log structure is the pull-back of the log structure defined above.
Since X s is in particular a normal crossing variety over k, we can endow X s with this log structure and we denote it by M s . Note that this is not the usual log structure defined for example in [Ka89] , which we denote here by M ′ s . As it is stated in [Na00, p.358], the relationship between them is 
Let X be the underlying scheme of X log . Then we can apply the same technique as in section 5 and get a smooth curve C over k, and a regular scheme X C with a proper, flat morphism X C → C such that there exists a k-rational point s ∈ C such that the fiber of f at s is precisely X s . Then, we have the following: Proof. We shall prove that if N = 0 on H 2 log−crys , then X s is neccesarily of type I; if N = 0 and N 2 = 0, then X s is necessarily of type II; and if N 2 = 0, then X s is necessarily of type III. This shall prove the equivalence, since we know that we can be only in one of these three cases.
First assume that X s is of type I. Then, X 
and N = 0. Finally, assume that X s is of type III. In this case, h 2 (|Γ|) = h 2 (S 2 ) = 1 = 0, hence
The only remaining case is when X s is of type II such that the double curve is not ordinary, i.e., supersingular. In this case, by [Na00, Corollary 6.9], the geometric special fiber X s is the special fiber of a projective semistable family X over Spec 
Then, there exists a finite extension k ′′ of k ′ such that 
